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Abstract
This work deals with global solvability of a class of complex vector fields of the form L = ∂/∂t +
(a(x, t)+ ib(x, t))∂/∂x, where a and b are real-valued C∞ functions, defined on the cylinder Ω = R×S1.
Relatively compact (Sussmann) orbits are allowed. The connection with Malgrange’s notion of L-convexity
for supports is investigated.
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1. Introduction
Let L be a non-singular smooth complex vector field defined on a smooth, paracompact,
noncompact two-dimensional manifold M .
We say that L is globally solvable if the range of L : C∞(M) → C∞(M) is closed.
In this article we deal with a related, stronger, concept: we say that the operator L is strongly
solvable if the range of L : C∞(M) → C∞(M) has finite codimension (and hence is closed).
If L is strongly solvable then L must satisfy the Nirenberg–Treves condition (P) in M (this
follows from results due to Hörmander; see [9]), the formulation of which we will now recall.
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ferential operator P(x,D); then P(x,D) is said to satisfy condition (P) on M if there is no
complex-valued, smooth function q(x, ξ) on T ∗M \{0} such that (qp) changes sign on a bichar-
acteristic of (qp) where q = 0; by a bicharacteristic of (qp) is meant an integral curve of the
Hamilton field of (qp) over which (qp) vanishes.
We now recall the concept of an orbit, in the sense of Sussmann [15], for a non-singular
complex vector field L: two points p,q ∈ M are said to be equivalent if there is a finite number
of integral curves of ±(L) and ±(L) such that their juxtaposition connects p and q; an orbit
is then an equivalence class. Each orbit is an immersed submanifold. In our case, since L is non-
singular and M is two-dimensional, the dimension of an orbit is either one or two; an orbit B is
two-dimensional if and only if there is p ∈ B such that (L) and (L) are linearly independent
at p.
As in Hounie [13], consider the following two geometric conditions:
(1.1) no orbit is relatively compact in M ;
(1.2) for each compact subset K of M there exists a compact set K ′ ⊂ M such that if B is an
orbit of L in M \ K which is relatively compact in M then B ⊆ K ′.
Similar conditions had already appeared in [6, p. 246].
Hounie in [13] showed that when (1.1) holds one has that (1.2) is equivalent to the following
condition (bearing only on the one-dimensional orbits):
(1.2)′ for each compact subset K of M there exists a compact set K ′ ⊂ M such that if γ is a
one-dimensional orbit of L in M \ K with endpoints in K , it follows that γ ⊆ K ′.
In fact, this equivalence holds in a more general situation. We introduce the following condi-
tion:
(1.1)′ there exists a compact subset K of M containing all relatively compact orbits of L in M
(if they exist).
We can prove (see Section 2) that if (1.1)′ holds then one still has the equivalence between
(1.2) and (1.2)′.
An analysis of the arguments in Hounie in [13] reveals (see our Section 2) that, under the
assumptions that condition (P) holds, and that the geometric conditions (1.2) and (1.2)′ are
equivalent, one also has the following equivalence: (1.2) is equivalent to M being L-convex for
supports (a notion introduced by Malgrange in [14]). Let us recall this concept.
We say that M is L-convex for supports if for each compact subset K of M there exists a
compact subset K ′ of M such that
μ ∈ E ′(M) and supp( tLμ)⊂ K ⇒ supp(μ) ⊂ K ′.
Hence, we can rewrite Theorem 1.2 of [13] in the following way:
Theorem 1.1. Assume that L satisfies (1.1). Then LC∞(M) = C∞(M) if and only if L satisfies
condition (P) and M is L-convex for supports.
In this article we will be concerned with the following question:
What can one say about strong solvability of complex vector fields when (1.1) fails?
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interesting class of complex vector fields which shed light on the general case.
We will consider vector fields of the form
L = ∂/∂t + (a + ib)(x, t)∂/∂x, a, b ∈ C∞(Ω;R), b ≡ 0,
defined on the cylinder Ω = R × S1, and work under the assumption that condition (P) is satis-
fied.
We will show that the conjunction of condition (P) and L-convexity for supports is not suffi-
cient for strong solvability when (1.1) fails, differently from what happens in the presence of (1.1)
(compare Theorem 1.1 and Theorem 4.10). Also, we will give sufficient conditions for L to be
strongly solvable in Ω (see Theorems 4.2 and 4.10).
The organization of this paper is as follows. In Section 2, under the assumptions that (1.1)′ and
condition (P) hold, we prove that the three conditions (1.2), (1.2)′ and L-convexity for supports
are equivalent; as a consequence we obtain the proof of Theorem 1.1. In Section 3, we discuss
the L-convexity for supports of the cylinder Ω . In Section 4, we deal with solvability results for
our class of vector fields.
The motivations for this paper are related to those in [1–6,8,11,13,14], and others.
2. Some general results
In this section we will clarify the claims made in the introduction and also present results
about general complex vector fields defined on noncompact two-dimensional manifolds.
Let L be a non-singular smooth complex vector field defined on a smooth, paracompact,
noncompact two-dimensional manifold M .
It follows from [13, Theorem 1.2] that
Theorem 2.1. Assume that L satisfies (1.1) and M is two-dimensional. Then LC∞(M) =
C∞(M) if and only if L satisfies conditions (P) and (1.2).
An important step in proving the theorem above is to prove that when (1.1) holds one has that
(1.2) is equivalent to (1.2)′. In fact, as mentioned in the introduction, such equivalence holds in a
more general situation. We have:
Lemma 2.2. Assume that (1.1)′ holds. Then (1.2)′ is equivalent to (1.2).
To prove this lemma we will make use of the following result:
Lemma 2.3. (See [13, Corollary 2.2].) For each compact subset K of M , there is a compact
subset Kˆ of M such that if V ⊂ M is open and relatively compact, ∂V ⊆ K implies V ⊆ Kˆ .
Proof of Lemma 2.2. We need only prove that (1.2)′ implies (1.2). The proof is similar to the
one of [13, Lemma 2.5]. Given a compact subset K of M let K be the compact subset of M
of (1.1)′, let K′ be the compact subset of M corresponding to K in (1.2)′ and let Kˆ′ be the
compact subset of M corresponding to K′ in Lemma 2.3. We may take these compact sets so
that Kˆ′ ⊃ K′ ⊃ K ⊃ K . We are going to prove that Kˆ′ is the desired compact set for the validity
of (1.2).
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situations may occur:
1◦) γ ⊂ K ⊂ Kˆ′. In this case there is nothing to prove.
2◦) γ ⊂ K. In this case γ \K is a union of one-dimensional orbits in M \K which are relatively
compact in M ; hence each of these orbits has endpoints in K (otherwise γ would possess an
α-limit or an ω-limit point, and the orbit through the limit point would be relatively compact
in M); hence, γ ⊂ K′ ⊂ Kˆ′.
Now, suppose that B is a two-dimensional orbit in M \K with compact closure in M ; then B
is open and ∂B is a union of one-dimensional orbits in Ω \K . It follows from Lemma 2.3 that it
is enough to show that in M we have ∂B ⊂ K′. Since ∂B is a compact subset of M , it follows that
if p ∈ ∂B \ K , then (as in the first part of this proof) either p is contained in a one-dimensional
orbit γ in M \ K with endpoints in K or p is contained in K. Hence, we have that p ∈ K′. 
By using the arguments given in Hounie [13, pp. 63 and 64] we can prove that if condition
(P) holds and if (1.2) and (1.2)′ are equivalent, then one also has the following equivalence: (1.2)
is equivalent to M being L-convex for supports. In order to keep this work as self-contained as
possible we will include here arguments taken from Hounie in [13] which yield a proof of this
equivalence.
Proposition 2.4. Assume that condition (P) holds, and that the geometric conditions (1.2) and
(1.2)′ are equivalent. Then, (1.2) is equivalent to M being L-convex for supports.
Proof. Assume that (1.2) holds. Let K ⊂⊂ M and let μ ∈ E ′(M) such that supp( tLμ) ⊂ K . Let
K ′ be given in (1.2). Let p ∈ supp(μ) \K and let B be the orbit of L in M \K for which p ∈ B .
Since tLμ = 0 in M \ K , it follows from Proposition 2.3 of [13] that B ⊂ supp(μ) \ K . Hence,
B is relatively compact in M and, consequently, B ⊂ K ′. Therefore, supp(μ) ⊂ K ′.
Finally, assume that M is L-convex for supports. We are going to show that (1.2)′ holds. Let
K ⊂⊂ M and let K ′ ⊂⊂ M be corresponding set in the definition of L-convexity. If γ : [a, b] →
M \K is a one-dimensional orbit in M \K with endpoints in K then it is possible to construct a
distribution μ with supp(μ) = γ ([a, b]) for which supp( tLμ) is the union of the two endpoints
γ (a) and γ (b) contained in K . Hence, γ ([a, b]) ⊂ K ′. 
Finally, we conclude this section remarking that Theorem 1.1 follows from Theorem 2.1 and
Proposition 2.4.
In the next two sections we will restrict our study to a class of complex vector fields of the
form
L = ∂/∂t + (a + ib)(x, t)∂/∂x, a, b ∈ C∞(Ω;R), b ≡ 0,
defined on the cylinder Ω = R × S1, and work under the assumption that condition (P) is satis-
fied. Necessary conditions and sufficient conditions will be presented.
3. L-convexity for supports on the cylinder
Let Ω = R × S1. Let
L = ∂/∂t + (a + ib)(x, t)∂/∂x, a, b ∈ C∞(Ω;R), b ≡ 0, (3.1)
be a complex vector field defined on Ω .
166 A.P. Bergamasco, P.L. Dattori da Silva / Bull. Sci. math. 136 (2012) 162–171Remark 3.1. Note that the one-dimensional orbits of L (given by (3.1)) are maximal integral
curves of (L) along which b vanishes identically; moreover, an integral curve of (L) through
(x0, t0) has the form γ (s) = (x(s), t0 + s) where x′(s) = a(x(s), t0 + s). It follows that the
periodic one-dimensional orbits – if they exist – are all homotopic to {0}×S1. Also, the Poincaré–
Bendixson theorem together with the special form of an integral curve γ of (L) imply that if
the ω-limit set or the α-limit set of γ is not empty then it is a periodic integral curve of (L).
Proposition 3.2. Let L be given by (3.1). Then, (1.2)′ is satisfied.
Proof. Given a compact subset, say K , of Ω, let K = [−M,M] × S1 be such that K ⊂ K. If
γ : [a, b] → Ω \K is a one-dimensional orbit in Ω \K with endpoints in K , then two situations
may occur:
1◦) γ ⊂ K;
2◦) γ ⊂ K. In this case γ \K is a union of one-dimensional orbits in Ω \K with endpoints in K.
Let γ˜ : [c, d] → Ω \ K be one such one-dimensional orbit in Ω \ K with endpoints in K,
say, γ˜ (c) = (x0, t0) and γ˜ (d) = (x0, t1), where x0 = ±M ; then it follows from the special
form of integral curves of (L) (see Remark 3.1) that |t1 − t0| 2π .
Let
φ : Ω × R → Ω
(x, t, s) → φ(x, t, s) .= φ(x,t)(s)
be the flow of (L) in Ω .
We have that φ ∈ C∞ and, consequently, K′=˙φ([−M,M]×S1 ×[0,2π]) is a compact subset
of Ω which contains γ˜ ([c, d]) and hence also γ ([a, b]). Therefore, (1.2)′ is satisfied. 
Before we state the main result of this section we will present an auxiliary lemma:
Lemma 3.3. Let L be given by (3.1) and assume that condition (P) holds. If Ω is L-convex for
supports then there exists a compact subset K ′ of M that contaings all periodic one-dimensional
orbits of L (if they exist).
Proof. Assume that Ω is L-convex for supports. Given a compact subset K of Ω let K ′ be the
compact subset of Ω corresponding to K in the definition of L-convexity for supports. Suppose,
by contradiction, that there exists a periodic one-dimensional orbit γ of L in Ω such that γ ⊂ K ′.
The distribution
μ(φ) =
2π∫
0
φ ◦ γ (s)ds, φ ∈ C∞(Ω), (3.2)
belongs to the kernel of the transpose operator tL, that is, tLμ = 0; hence, supp( tLμ) = ∅ ⊂ K
and supp(μ) ⊂ K ′, which is a contradiction. 
Proposition 3.4. Let L be given by (3.1). Assume that condition (P) holds. Then Ω is L-convex
for supports if and only if (1.1)′ holds.
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Proposition 3.2.
Conversely, assume that Ω is L-convex for supports. We may assume that there exists a rel-
atively compact orbit of L in Ω . Also, it follows from [13] that if B is a two-dimensional orbit
with compact closure in Ω then we have that B is open and ∂B is a union of one-dimensional
orbits (see [13, Lemma 2.4]). Hence, we have the right to assume that there exists a relatively
compact one-dimensional orbit of L, which implies that there exists a periodic one-dimensional
orbit of L (see Remark 3.1).
Let K =⋃γp be the union of all periodic one-dimensional orbits of L. We claim that K is
compact. Indeed, it follows from Lemma 3.3 that there exists a compact set K ′ of Ω for which
K ⊂ K ′; moreover, it is easy to see that K is a closed subset of Ω . A consequence of K being a
compact set is that there are (x0,0), (x1,0) ∈ K such that if γ(x,0) is a periodic one-dimensional
orbit of L passing through (x,0) then x0  x  x1.
Define K to be the closed region of Ω bounded by γ(x0,0) and γ(x1,0); of course, K is a
compact subset of Ω . We claim that if B is a relatively compact orbit of L in Ω then B ⊂ K.
Indeed, as discussed above, if this claim were false then there would exist a relatively compact
one-dimensional orbit of L in Ω contained in Ω \ K, which is a contradiction. Hence, (1.1)′ is
satisfied. 
4. Solvability results
Let Ω = R × S1. Let
L = ∂/∂t + (a + ib)(x, t)∂/∂x, a, b ∈ C∞(Ω;R), b ≡ 0, (4.1)
be a complex vector field defined on Ω . As mentioned in the introduction, condition (P) is neces-
sary for strong solvability. Hence, we will assume that L, given by (4.1), satisfies condition (P).
For vector fields such as (4.1), condition (P) is satisfied if and only if the function b does not
change sign along the integral curves of (L) (see [10, Theorem 3.7]).
It follows from Proposition 3.2 and Theorem 2.1 of [13] that if (1.1) holds, then LC∞(Ω) =
C∞(Ω); in particular, L is strongly solvable.
Hence, we have the right to assume that there exists a relatively compact orbit of L in Ω ;
consequently, as mentioned in the proof of Proposition 3.4, we have the right to assume that
there exists a periodic one-dimensional orbit of L.
Suppose that γ is a periodic one-dimensional orbit of L. The distribution μ given by (3.2)
belongs to the kernel of the transpose operator tL. Hence, if f ∈ C∞(Ω) is such that there is a
solution, u ∈ C∞, to the equation Lu = f in Ω then f necessarily satisfies μ(f ) = 0. Hence,
if there are infinitely many periodic one-dimensional orbits of L, then the operator L cannot be
strongly solvable.
Therefore, in order to study the strong solvability of L, we have the right to assume that there
exist at most a finite number of periodic one-dimensional orbits of L; in particular, it follows
from the proof of Proposition 3.4 that (1.1)′ is verified and, consequently, Ω is L-convex for
supports.
We can summarize the discussion above in the following theorem:
Theorem 4.1. Let L be given by (4.1). If L is strongly solvable then L satisfies condition (P)
and Ω is L convex for supports.
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Let
K =
N⋃
j=1
γj , (4.2)
where γj , j = 1, . . . ,N , are all the periodic one-dimensional orbits of L.
Since each periodic one-dimensional orbit of L is homotopic to {0}×S1 (see Remark 3.1) and
K is a finite union of orbits we can (with the help of results in [7] and [12]) find a diffeomorphism
from Ω onto Ω such that, using the same notation (x, t) for the new coordinates, L has the same
form as originally, and K can be written as K = N × S1, where
N = {x ∈ R; (a + ib)(x, t) = 0, ∀t ∈ S1}= {x1, . . . , xN }.
We are finally in a position to state the main solvability result of this section:
Theorem 4.2. Let
L = ∂/∂t + (a(x, t) + ib(x, t))∂/∂x, a, b ∈ C∞(Ω;R), b ≡ 0, (4.3)
be a complex vector field defined on Ω = R × S1, and assume that L satisfies condition (P).
Assume that L has a finite number of periodic one-dimensional orbits, namely, {xj } × S1, j =
1, . . . ,N , for some N ∈ Z+. Moreover, assume that for each j , there exists mj  2 such that
in a neighborhood of {xj } × S1 we have a(x, t) + ib(x, t) = (x − xj )mj (a0(x, t) + ib0(x, t)),
where a0, b0 are smooth functions and t → b0(xj , t) ≡ 0. Under these assumptions, L is strongly
solvable.
Before proving the theorem above we will present a few useful lemmas.
Lemma 4.3. Let L be given by (4.1). If b is not flat along any periodic one-dimensional orbit of
L in Ω then each connected component of U = Ω \ K is a two-dimensional orbit of L in Ω .
Proof. Let V be a connected component of U . Suppose, by contradiction, that V is not a two-
dimensional orbit. Then, there exists γ integral curve of (L) contained in V for which b◦γ ≡ 0
(Remark 3.1). By definition of V , γ is not a periodic curve. Hence, either the ω-limit set or the α-
limit set of γ has to be nonempty and, as a consequence, has to coincide with a periodic integral
curve, Γ , of (L); moreover, we have that b ◦ Γ ≡ 0 and, consequently, Γ ⊂ K. Hence, we
have a contradiction, because b ◦ γ ≡ 0 implies that b is flat along Γ ⊂ K. Therefore, V is a
two-dimensional orbit. 
Lemma 4.4. Let L be as in (4.1). Assume that condition (P) is satisfied. Let V be a two-
dimensional orbit of L in Ω . Let be s ∈ R. If μ ∈ D′(V ) and tLμ ∈ Hsloc then μ ∈ Hsloc.
Lemma 4.5. Let L be as in (4.1). Assume that condition (P) is satisfied. Let V be a two-
dimensional orbit of L in Ω. Let μ ∈ D′(V ) such that tLμ = 0. If μ = 0 in some open subset of
V then μ ≡ 0.
The proofs of Lemmas 4.4 and 4.5 are similar to those of analogous results in [1] and will not
be repeated here.
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of periodic one-dimensional orbits of L we have that Ω is L-convex for supports (see the proof
of Proposition 3.4); hence it follows from [8, Lemma 2.2.3] that the following result holds true:
Lemma 4.6. Let L be given by (4.1). Assume that condition (P) is satisfied and that there exist at
most a finite number of periodic one-dimensional orbits of L. Then, L is strongly solvable if and
only if for each fixed s ∈ R and K ⊂⊂ Ω , there exists r ∈ R such that if u ∈ E ′(Ω), tLu ∈ Hs
and supp( tLu) ⊂ K then u ∈ Hr .
Remark 4.7. The proof of this lemma (as presented in [8]) is an adaptation for noncompact
manifolds of the proof of Proposition 3.1 of [1]; see also [16] for related results.
Corollary 4.8. Let L be given by (4.1). Assume that condition (P) is satisfied. Assume that
there exist at most a finite number of periodic one-dimensional orbits of L and let K be
given by (4.2). Then, L is strongly solvable if and only if for each fixed s ∈ R and each
K = [−M,M] × S1, M > 0, with K ⊂ int{K}, there exists r ∈ R such that if μ ∈ E ′(Ω),
tLμ ∈ Hs and supp( tLμ) ⊂ K then μ ∈ Hr .
Define
F(xj ) = ker tL ∩ E ′
({xj } × S1), where {xj } × S1 ⊂ K.
Note that if each connected component of Ω \ K is a two-dimensional orbit of L in Ω then for
each δ > 0 sufficiently small it follows from Lemma 4.5 that
F(xj ) = ker tL ∩ E ′(U),
where U = (xj − δ, xj + δ) × S1.
The results above allow us to prove the following variant of Theorem 3.1 of [1]:
Theorem 4.9. Consider
L = ∂/∂t + (a(x, t) + ib(x, t))∂/∂x, a, b ∈ C∞(Ω;R), b ≡ 0,
defined on Ω = R × S1, and assume that L satisfies condition (P). Assume that L has a finite
number of periodic one-dimensional orbits, namely, {xj } × S1, j = 1, . . . ,N , for some N ∈ Z+,
and let K be the union of such orbits. Assume that each connected component of U = Ω \ K
is a two-dimensional orbit. Then, L is strongly solvable if and only if for each xj the following
properties are satisfied:
() dimF(xj ) < ∞;
() for each f smooth near {xj } × S1, with f ∈ F(xj )◦, there exists a smooth function, u,
satisfying the equation Lu = f in a neighborhood of {xj } × S1.
Proof. The proof of this theorem, which amounts to an adaptation of the proof of Theorem 3.1
of [1], will be sketched here. Assume that L is strongly solvable. Then, dim ker tL < ∞ im-
plies (), since F(xj ) ⊂ ker tL. Moreover, for δ > 0 small, taking U = (xj − δ, xj + δ)×S1 and
applying Lemma 4.6, we have that for each s ∈ R there exists r ∈ R such that if μ ∈ E ′(U) and
tLμ ∈ Hs then μ ∈ Hr . Proceeding as in [1, Theorem 3.1] we obtain that () is satisfied.
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we obtain that the image of
L : C∞(U) → C∞(U)
has finite codimension, for some U = (xj − δ, xj + δ) × S1 (here δ > 0 is conveniently small)
and, consequently,
(♦) for each s ∈ R there exists r ∈ R such that if μ ∈ E ′(U) and tLμ ∈ Hs then μ ∈ Hr .
To finish the proof, take ψ ∈ C∞0 (R), with ψ ≡ 1 in a neighborhood of N , where N is such
that K = N × S1. For a fixed s ∈ R and K = [−M,M] × S1 ⊃ K, let μ ∈ E ′(Ω) be such that
tLμ ∈ Hs and supp( tLμ) ⊂ K . Then (1 − ψ)μ ∈ Hs by Lemma 4.4; moreover,
tL[ψμ] = ψ tLμ − (Lψ)μ ∈ Hs,
again by Lemma 4.4. Hence, if we choose ψ with sufficiently small support, thanks to (♦), we
can obtain t depending only on s and K such that ψμ ∈ Ht . Take r = max{s, t}. Hence, μ =
(1 − ψ)μ + ψμ ∈ Hr . Therefore, it follows from Corollary 4.8 that L is strongly solvable. 
We are finally in a position to present the proof of Theorem 4.2, which will only be sketched.
Sketch of the proof of Theorem 4.2. Since t → b0(xj , t) ≡ 0, j = 1, . . . ,N , we can apply
Lemma 4.3 to conclude that each connected component of U = Ω \K is a two-dimensional orbit
of L. It now follows from Theorem 4.9 that in order to prove Theorem 4.2 it is enough to verify
that () and () hold. In order to achieve this, it suffices to make an adaptation of the arguments
in the proof of Theorem 3.4 in [3]. 
If we assume that the function a + ib, given by (4.3), depends only on x-variable, that is,
(a + ib)(x, t) ≡ (a + ib)(x), then applying Theorem 4.9 and proceeding as in the proof of The-
orem 3.1 of [5] (see also [2]), we obtain conditions which are necessary and sufficient for the
strong solvability of a class of vector fields, namely,
Theorem 4.10. Let
L = ∂/∂t + (a + ib)(x)∂/∂x, a, b ∈ C∞(R;R), b ≡ 0,
be a complex vector field defined on Ω = R × S1. Assume that condition (P) is satisfied.
Let N = {x1, . . . , xN } ⊂ R be such that K = N × S1. In a neighborhood of xj ∈ N write
(a+ib)(x) = (x−xj )nj a0(x)+i(x−xj )mj b0(x), where a0 and b0 are smooth functions and mj ,
nj are positive integers. Assume that b0(xj ) = 0, for each j . Moreover, assume that a0(xj ) = 0
if a is not flat at xj , and nj > mj if a is flat at xj , for each j . Then, L is strongly solvable if and
only if 2mj < 2nj − 1, for each j = 0, . . . ,N .
Remark 4.11. Under condition (1.1) (see Introduction) Hounie’s results imply that condition (P)
together with L-convexity for supports are sufficient for strong solvability; of course, this is not
true when (1.1) fails to hold, as can be seen in Theorem 4.10.
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